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We adopt the definition of a distance-transitive digraph given by Lam. If such a 
digraph has girth g/> 3 and diameter d, we prove the following results: (1) d = g or 
g - 1 and (2) if d = g, then the digraph is obtained by a known construction from a 
smaller digraph satisfying d = g -  1. Finally we mention an alternative definition of 
distance transitivity, which in our opinion merits study. 
1. INTRODUCTION 
The concept of a distance-transitive digraph was introduced by Lam [5 ]. 
He defined distance-transitivity to mean that the group of automorphisms is 
transitive on all pairs of vertices a, fl such that the distance from a to fl has a 
fixed value. The main object to this paper is to prove two theorems on the 
classification of such digraphs. The first is that if a distance-transitive 
digraph has girth g ~> 3 and diameter d, then either d = g or d--  g -  1. The 
second is that if d = g, then the digraph is obtained by a known construction 
(given in [5]) from a smaller digraph, also distance-transitive but with 
d - -g -  1. Therefore in attempting to classify distance-transitive digraphs, 
one need only consider those with d - - - -g -  1. Using these results Bannai, 
Cameron and Kahn [1] have classified all distance-transitive digraphs of odd 
girth. 
The proofs of these theorems (Theorems 2 and 4 below) make only trivial 
use of the transitivity. By analogy with the theory for undirected graphs, one 
might expect o find a theory of distance-regular digraphs. In Section 2 we 
adopt the strongest definition of distance-regularity and we prove that the 
first classification theorem holds for digraphs with this property. In Section 3 
we shall compare the theory of distance-regular digraphs with the theory [2] 
for undirected graphs. In Section 4 we prove the second main theorem. 
Finally in Section 5 we discuss some related problems. In particular, there is 
an alternative definition of distance-transitivity for which our two main 
theorems do not hold. 
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2. DIAMETER .~ GIRTH 
Throughout his paper we use the term "digraph" to mean a finite directed 
graph with no loops and no multiple directed edges. "Graph"  shall mean an 
undirected graph. We use Greek letters for vertices, Greek capitals for 
subdigraphs, and Roman letters for integers. I f  a digraph F has a directed 
edge from a to fl, we write a-~fl or "a  is a leader of f l "  or "fl is a follower of 
a." F is called "connected" if for all ordered pairs a, fl, there is a directed 
path from a to ft. We write d(a, fl) for the directed distance from a to fl, N 
for the number of vertices, d for the diameter, and g for the girth of F. F~(a) 
denotes the set of vertices fl such that d(a, fl) = f. 
DEFINITION 2.1. F is called strongly distance-transitive if it is connected 
and there is an automorphism sending a to fl and 7 to ~ whenever 
d(a, 7) = d(fl, 6). (2.1) 
DEFINITION 2.2. F is called strongly distance-regular if it is connected 
and for all i, j in 0 ~< i, j ~< d the number 
[ Fi(a ) C) F 1 (fl)l = sij, say (2.2) 
is the same for all a, fl such that d(a, f l )= j. 
Clearly the first property implies the second. The crucial property of these 
digraphs is the following: 
DEFINITION 2.3. 
the girth) 
We say F is stable if for all t in 0 < t < g (where g is 
d(a, fl) = t r d(/3, a) = g -- t. (2.3) 
THEOREM l. I f  F is strongly distance-regular, then F is stable. 
Proof. Let 
7 = 7o ~ 71 ~ 72 "'" Yg- l ~ Yg = 7 (2.4) 
be a circuit of length g. This circuit has no shortcuts, or there would be a 
shorter circuit, contradicting the definition of g. So for all t < g, d(?, ?t) = t. 
Put 3 = Yr. If t < g - 1, then since 7-~ Yt+l in Ft+l(y ), the number 
st+,.t =/F,+1(7) nF, (6) l  > 0. (2.5) 
Similarly if t = g - 1, then since ~ --- 7g-~ ~ Y0, we have 
So,g_ 1 > 0. (2.6) 
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Now let a, fl be any pair of vertices such that d(a, fl) = t, where 0 < t < g. 
By (2.5), 
fl-~ some ~ in Ft+l(a ). (2.7) 
By repeating this argument, we find a path of length g - t - 1 from fl to 
some ~/ in Fg_l(a ), and r /~a  by (2.6). Hence d(fl, a )<,g - t .  Strict 
inequality is impossible, or the circuit a-~ ... ~f l~ . . .  ~ a would have 
length <g. Hence F is stable. II 
I f  F is stable and has girth 2, then a~f l  if and only if f l~  a. As was 
observed by Lam [5 ], F is practically identical with the graph A obtained by 
replacing directed edges by undirected ones. F and A have the same distance 
functions and the same automorphisms. Accordingly, we only consider 
digraphs of girth/>3 from now on. 
THEOREM 2. I f  F is stable and connected and has girth g/> 3, then 
either d = g or d = g -  1. (2.9) 
Proof. I f  d > g, then there exist a, fl such that d(a, fl) = g + 1. Let 
a = ~)0--~ Yl --~ Y2 -'~ "'" ~ Yg-1 ~ ~g '~  Yg+l  =/~ (2.10) 
be a shortest path. Then d(a, yg_~)=g-  1 and d(yg_l,fl)= 2. By stability, 
d(yg_ 1, a) = 1 and d(fl, yg_ 1) = g -  2. Hence d(fl, a) ~< g-  1, a contradiction. 
Finally, if d were <g - 1, then any circuit of length g would have a shortcut, 
contradicting the definition of g. II 
3. DISTANCE-REGULARITY 
In this section we show that the standard theorems' for distance-regular 
graphs [2, Chaps. 20 and 21] hold also for digraphs. We shall use Higman's 
theory of coherent configurations (see [3] or [4]). 
DEFINITIONS. For 0 ~< i ~< d the distance matrices A i are N • N matrices 
with rows and columns indexed by the vertices. They are given by 
(Ai),~ ~ = 1 if d(a, fl) = i, 
(3.1) 
= 0 if not. 
If 0 < i < g we write i* = g - - i ;  also we write 0* = 0 and g* = g. 
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LEMMA 3.1. For 0 ~ i ~ d -  1, 
AIAi 
where Pij = si*j* and P i , i  + 1 :/= O. 
Proof. 
i+1 
= ~ PeA/ (3.2) 
j=o 
(A1At)~ = number of 7: d(a, 7)= 1 and d(7,fl) = i (3.3) 
= number of 7: d(fl, 7) = i* and d(a, 7) = I 
= s;,j, if d(fl, a) = j*, i.e., if d(a, fl) = j 
= (,Y,j PiiAj)=~. (3.4) 
I f j  > i + 1, then there are no points 7 satisfying (3.3). So in (3.4) the terms 
for j  > i + 1 all vanish (this proves (3.2)). Also i f j  = i + 1, then let 7 follow 
a on a shortest path from a to ft. Then 7 does satisfy (3.3), so Pi.i+~ > O. 1 
THEOREM 3. Let F be a strongly distance-regular digraph. Then the 
distance matrices {Ai: O <. i <~ d} define a commutative coherent 
configuration on the vertices ofF. 
Proof. We show that the A i satisfy conditions (1)-(4) of [3, 
Theorem 2.1]. (1) and (2) are obvious, and .(3) follows from stability. By 
Lemma 3.1, each A i is a polynomial of degree i in A~. This proves (4), also 
the commutativity. 1 
The standard theorems about distance-regular g aphs can now be seen to 
hold for digraphs, as consequences of Higman's results. In particular, we 
have the multiplicity formula [3, Eq. (2.2)] and the Krein condition [3, 
Eq. (2.4)]. For future use, we note the 
COROLLARY 3.1. For fixed i, the number of vertices 2 such that 
d(a, 2) = i is independent of the choice of a. 
For proof, see [3, p. 31]. We call this number k i. 
4. STRUCTURE OF LONG DIGRAPHS 
As usual, d is the diameter and g is the girth of a digraph. We call a 
digraph long if it is strongly distance-regular and g = d >/3, and short if it is 
strongly distance-regular nd g= d+ 1 >/3. The following theorem was 
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proved by Lam [5, Theorem2.2] for distance-transitive digraphs; the 
extension to distance-regular graphs is trivial. 
Let A be a short digraph and m > 1. Let F be the digraph defined by: 
vertex set = {(a, i); a a vertex of A and 1 <~ i <~ m} (4.1) 
and 
(a, i)--* (,fl, j )  in F iff a-~ fl in A. (4.2) 
Then F is a long digraph of the same girth as A. I f  A is distance-transitive, 
then so is F. 
In this section we prove the converse: 
THEOREM 4. Every long digraph F is obtained from a short digraph A, 
of the same girth, by the construction described above. Starting from F, A is 
the digraph obtained by identifying all antipodal vertices of F. I f  F is 
distance-transitive, then so is d. 
To prove this, we let F be a long digraph. We choose any vertex 09 as a 
"base" vertex and classify the other vertices according to their distance from 
co. Define 
a = {)1,: d(o~, 2) = g}, 
= {2: d(o~, 2)  = 1 }. 
(4.3) 
LEMMA 4.1. (a) I f  a E A, then d(a, co) = g. 
(b) I f  a E A and a ~ fl, then fl E cp. 
Proof (a) d(a, co) <~ g by Theorem 2, and strict inequality would imply 
that d(o), a) < g by stability. This proves (a). 
(b) If a-~/3, then clearly fl4:co. If 2~<d(og, f l )~<g-1 ,  then by 
stability, d(fl, co) ~< g - 2. But then a -~ fl implies that d(a, co) <~ g - 1 
contradicting (a). So d(~o, fl) must be either 1 or g. 
By Lemma 3.1, AgA1 is a linear sum of the Ai, say 
AgA1 : ~ piAi. (4.4) 
i 
Then for any vertex fl: 
(~  piAi )o, = (AgA1)o,~ 
:numbero fa :d (w,a)=gandd(a ,  f l )= 1. (4.5) 
DISTANCE-TRANSITIVE DIGRAPHS 51 
By the result just proved, this number is 0 unless d(co, fl) = 1 or g. Hence in 
(4.4) only the terms in A,  and A~ can appear, say 
AgA 1 = pAg + qA 1 . (4.6) 
(Ag -- qI)(A, - pl) = pqI. (4.7) 
Now this equation is impossible i fpq 4:0 because A~ is symmetric and A~ is 
not. Since the graph is connected, there must be edges from A to q~, so q 4: 0; 
hence p = 0. Hence the number (4.5) is zero unless d(og, f l)= 1. This proves 
(b). | 
LEMMA 4.2. (1) The relation ~ defined by 
a~ ~ a = ~ or d(a, fl) = g 
is an equivalence relation. 
(2) All the equivalence classes have the same size (=m, say). 
(3) l f  a~fl ,  then 
(4.8) 
y~a ~ ?-~fl, (4.9) 
a~ ~ r y. (4.10) 
Proof. (3) Let a~co. By Corollary 3.1 (with i=  1),/" is regular, say of 
valency k. Then a has k followers, all of which are in 9 by Lemma 4.1. So 
a~ every ~: in q~. This proves (4.9) and (4.10) is similar. 
(1) ~ is symmetric by Lemma4.1, and obviously reflexive. To prove 
transitivity, let a, fl ~ A. If d(a, fl) < g, then a shortest path from a to fl must 
go 
a ~ some p @ q~--* ... --* ft. (4.11) 
But f l~p  also, so we have a circuit of length <g. This is impossible, so 
d(a, fl) must = g. Finfilly (2) follows from Corollary 3.1 (with i---g and 
I). ! 
Proof of Theorem 4. Let F be a long digraph and let [a] denote the ~-  
class of a vertex a. Construct he digraph ,5 by 
vertex set = set of ~-classes 
and (4.12) 
[a] ~ [fl] inA i f fa -~f l inF  
This definition is unambiguous by Lemma 4.2. On numbering the vertices of 
each [a] from 1 to m in any order, we see that F is indeed obtained from ,d 
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by the construction of (4.1) and (4.2). It remains to show that A has the 
stated properties. By Lemma 4.2, any path in F corresponds to a path in A, 
and vice versa. Hence 
da([a], [fl]) = dr(a, fl), 
(4.13) 
except that dr(a, fl ) = g iff [a] = [,8]. 
Therefore the diameter of A is one less than that of F. Any minimal-length 
circuit in F is also one in A, so F, A have the same girth. 
To show that A is distance-regular, choose i, j in 
0 ~< i, j ~< g -- 1 (=diameter ofA) (4.14) 
and choose a, fl so that da([a], [fl])= j. For any 7, 
da([a], [7])= i and dzx([fl], [7])= 1 
r dr(a, 7) = i and da(fl, 7) = 1 
the same for any 5 in [7]. (4.15) 
Therefore the set of vertices atisfying (4.15) (which has size sij ) consists of 
complete ~9~-classes; there must be s Jm of them. Therefore, 
IAi([al) c~ Ai([/~])l-- s Jm.  (4.16) 
This is the same for all [a], [fl] as chosen. So A satisfies Definition 2.2, at 
least for i, j > 0. This definition can easily be verified for i or j -- 0. 
Finally let F be distance-transitive. Any automorphism permutes the .92- 
classes as blocks, and so gives an automorphism ofA. It is now clear that A 
is distance-transitive. II 
5. RELATED PROBLEMS 
The only strongly distance-transitive digraphs known to the author are the 
directed circuits, the Paley tournaments, and the long digraphs of Section 4. 
(This list was given by Lain [5].) Bannai, Cameron and Kahn [1] have 
proved that there are no other examples of odd girth. One would like to 
extend this result to even girth, or to distance-regular digraphs, but this 
seems to be difficult. 
We now consider distance-transitivity. An undirected graph is called 
distance-transitive if it is connected and there is an automorphism sending a 
to ? and fl to 5 whenever 
d(a, fl) = d(~, 5). (5.1) 
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This definition can be paraphrased thus: the group of automorphisms i  "as 
nearly doubly-transitive as possible." 
Definition 2.1 uses the same form of words, but it seems to be a false 
analogy. Just as (5.1) is an obviously necessary condition for there to be an 
automorphism sending a to y and fl to t~ in a graph, so the corresponding 
necessary condition in a digraph is 
d(a, fl) = d(7, ~) 
and (5.2) 
d(p, a) = d(6, y). 
This suggests that a more natural definition of distance-transitivity s: 
DEFINITION 5.1.. A digraph F is weakly distance-transitive if it is 
connected and there exists an automorphism sending a to 7 and fl to 
whenever (5.2) holds. 
Theorems 1 to 4 do not hold for these digraphs. The author believes that 
they will be found to be just as diverse as the distance-transitive graphs, and 
that they are well worth study. 
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